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 
Abstract  
We recently demonstrated orders of magnitude enhancement of two-photon absorption (2PA) in 
direct gap semiconductors due to intermediate state resonance enhancement for photons of very 
different energies. It can be expected that further enhancement of nondegenerate 2PA will be 
observed in quantum wells (QW’s) since the intraband matrix elements do not vanish near the 
band center as they do in the bulk, and the density of states in QW’s is larger near the band edge. 
Here we present a perturbation-theory based theoretical description of nondegenerate 2PA in 
semiconductor QW’s, where both frequency and polarization of two incident waves can vary 
independently. Analytical expressions for all possible permutations of frequencies and 
polarizations have been obtained, and the results are compared with degenerate 2PA in quantum 
wells along with degenerate and nondegenerate 2PA in bulk semiconductors. We show that using 
QW’s in place of bulk semiconductors with both beams in the TM-polarized mode leads to an 
additional order of magnitude increase in the nondegenerate 2PA. Explicit calculations for GaAs 
QW’s are presented.  
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I. INTRODUCTION 
Two-photon absorption, 2PA, has a number of potential practical applications, such as photonic switching [1]–[5], 
optical limiting [6], [7], and others [8]–[11]. The study of 2PA is instrumental in investigating material properties, 
since two-photon transitions are subject to a set of selection rules that are distinct from those governing one-photon 
transitions [12]–[14]. Furthermore, nonlinear refraction, NLR, is related to nondegenerate 2PA though Kramers-
Kronig relations, and NLR causes effects such as self-focusing [15], [16], self- and cross-phase modulation [17]–
[20] and four-wave mixing [21], [22], each of them having a number of practical applications.  
While the list of nonlinear optical materials investigated over the years is impressively long, semiconductors stand 
out among other materials since they have large nonlinearities, the technology is mature, high quality semiconductor 
materials are widely available, and the fabrication methods are well developed. Semiconductor nonlinear optical 
devices can be monolithically integrated with both passive and active photonic components as well as with 
electronic devices [23]–[25].  
Two-photon absorption and NLR in semiconductors have been actively investigated by a number of groups 
providing theories yielding the scaling of the nonlinearities with bandgap [26]–[30]. Beginning in the 1980’s, new 
epitaxial methods of growth led to the development of semiconductor structures with reduced dimensionality, i.e., 
quantum wells (QW’s), which quickly showed their superiority to bulk semiconductors in such diverse applications 
as lasers, detectors, and modulators [8], [31]–[38]. The salient feature of QW’s is the large density of states near the 
band edge, leading to the enhancement of both linear and nonlinear optical properties [5], [36]. These nonlinearities 
include 2PA, which has been studied extensively in the context of potential application in a variety of optical 
devices [39]–[41]. 
Most of the effort has been directed toward the study of degenerate two-photon absorption (D-2PA) properties of 
QW’s where both photons are identical, i.e. they have the same energy and polarization. The applications of D-2PA 
include all-optical switching in the vicinity of the half-bandgap [42]–[45] where the nonlinear figure-of-merit is 
high, as well as detection and emission of entangled photon pairs [46]–[49].   
The theoretical works by Spector et al [50] and Pasquarello and Quattropani [51] were among the first in 
predicting the spectral shape of D-2PA in QW’s, but had discrepancies in the predicted spectra and the choice of 
gauge. The D-2PA theory by Shimizu et al considered excitonic effects and their predictions were confirmed by 
experimental observations [43], [52], [53]. Xia et al [54] discussed the D-2PA properties of QW’s both in the 
presence and absence of external electric fields. Khurgin et al [42] developed analytical expressions for polarization 
dependent D-2PA in QW’s., which was later expanded to include excitonic effects [55]. In this work we make 
modifications to the D-2PA theory presented in Ref. [42] and correct several calculations. 
While D-2PA of QW’s has been investigated both theoretically and experimentally, the nondegenerate two-
photon absorption (ND-2PA), where two photons have different energies and polarizations, remains unexplored. In 
ND-2PA the energy of individual photons may approach intermediate-state resonances, thus leading to an 
enhancement of ND-2PA over D-2PA. In bulk semiconductors the large enhancement due to ND-2PA has been 
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predicted theoretically [26], [30]  and verified experimentally [56]. 
In the extremely nondegenerate (END) regime, when two photons are of extremely different (~10 ×) photon 
energies, an enhancement in the 2PA coefficient of two orders of magnitude has been measured in GaAs and ZnSe 
[56].  Based on this END enhancement, sensitive detection of mid-infrared (IR) femtosecond pulses in an uncooled 
p-i-n GaN photodiode has been demonstrated in Ref. [10]. The END-2PA in bulk semiconductors has also been used 
for detection of continuous wave IR laser light in uncooled GaAs p-i-n photodiodes [11], [57]. END enhancement is 
expected to be even more prominent in QW’s near the band edge where the density of states and transition matrix 
elements exceed those of bulk semiconductors. For extreme nondegeneracy, the initial and final states must be near 
𝑘 = 0, where the density of states and the intraband transition matrix elements are small in the bulk but not 
necessarily small in quantum wells. It is also apparent that the END enhancement should exhibit a strong 
polarization dependence due to the anisotropy of the QW structure. In this work we develop a theoretical description 
of the spectrum and polarization dependence of ND-2PA in QW’s. The greatest enhancement is found when using 
TM polarizations due to intermediate state resonance with intersubband transitions. Enhancement of one order of 
magnitude over bulk (three orders of magnitude over the degenerate case) should be experimentally feasible. We 
verify that in the limit of infinitely wide QW’s that the 2PA becomes polarization independent and identical to that 
predicted in bulk semiconductors.  
II. THEORETICAL BACKGROUND 
The enhancement in END-2PA in direct-gap semiconductors is similar to intermediate state resonance 
enhancement (ISRE) seen in molecules [12], [58], [59]. The ISRE occurs when the intermediate state for the 
transition approaches an eigenstate of the system and the 2PA is expected to diverge. The large enhancement for the 
END case over D-2PA can be understood qualitatively from the nondegenerate two-photon transition rate obtained 
from second-order perturbation theory, 
  𝑊2
𝑁𝐷 =
2𝜋
ℏ
2
𝑉
∑ |∑[
⟨𝑐|𝐻2𝑖𝑛𝑡|𝑖⟩⟨𝑖|𝐻1𝑖𝑛𝑡|𝑣⟩
𝐸𝑖𝑣(𝐤) − ℏ𝜔1
𝑖𝑣𝑐
+
⟨𝑐|𝐻1𝑖𝑛𝑡|𝑖⟩⟨𝑖|𝐻2𝑖𝑛𝑡|𝑣⟩
𝐸𝑖𝑣(𝐤) − ℏ𝜔2
]|
2
𝛿(𝐸𝑐𝑣(𝐤) − ℏ𝜔1 − ℏ𝜔2), (1) 
where 𝑉 is the volume, 1 and 2 represent indices for the two different photons, 𝑣 and 𝑐 represent valence band and 
conduction band respectively, 𝑖 represents the intermediate states, ?̂?𝑖𝑛𝑡 is the electron-field interaction Hamiltonian, 
𝐸𝑐𝑣(𝐤) is the energy difference between the valence and conduction bands, and ℏ𝜔1 and ℏ𝜔2 are the photon 
energies. This transition rate includes the spin degeneracy factor, is summed over all possible intermediate states 𝑖, 
and is also summed over all possible transitions starting from filled states in the valence band to empty states in the 
conduction band, i.e. a sum over electronic wave vector 𝐤 and the bands. It has been predicted by Wherrett [27] and 
verified experimentally in Ref. [28] that allowed-forbidden transitions dominate 2PA in direct-gap semiconductors. 
The transition paths for the 2PA are shown in Fig. 1.  
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Fig. 1. Transition paths shown for ND-2PA in semiconductors corresponds to interband (line) and intraband (circle), or vice versa.  
In END-2PA there are two resonances that can be exploited which lead to divergence of the expression in (1). The 
small energy photon can become near resonant to the “forbidden” or self-transition, i.e., zero energy resonance 
(intraband transition) while the large energy photon can be nearly resonant to the allowed one-photon (interband) 
transition. For semiconductors the intermediate states lie within the valence and conduction bands. For a two 
parabolic band model the intermediate state can either be in the valence band (𝐸𝑖𝑣(𝐤) = 0) or conduction band 
(𝐸𝑖𝑣(𝐤) = ℏ𝜔1 + ℏ𝜔2) and the nondegenerate transition rate can be written explicitly by considering all the possible 
transition paths (Fig. 1) for the system [56] 
  𝑊2
𝑁𝐷 ∝ |
𝑀𝑐𝑣
2 𝑀𝑣𝑣
1
−ℏ𝜔1
+
𝑀𝑐𝑣
1 𝑀𝑣𝑣
2
−ℏ𝜔2
+
𝑀𝑐𝑐
1 𝑀𝑐𝑣
2
ℏ𝜔1
+
𝑀𝑐𝑐
2 𝑀𝑐𝑣
1
ℏ𝜔2
|
2
, (2) 
where 𝑀𝑣𝑣
1,2
 and 𝑀𝑐𝑐
1,2
 are intraband and 𝑀𝑐𝑣
1,2
 are interband transition matrix elements respectively given by 𝑀𝑗𝑖
1,2 =
⟨𝑗|𝐻1,2𝑖𝑛𝑡|𝑖⟩. Note that the effective masses, and therefore the matrix elements, can have different signs. 
An interesting fact observed looking at (1) is that each of the transition paths shown in Fig. 1 yield a term that 
diverges when one of the photon energies of the two-photon pair becomes small. The calculation of 2PA described 
here uses a two parabolic band model [26], [27]. A more detailed analysis for bulk 2PA using the Kane four band 
model has also been carried out [30]. Both of these models give similar results, which agree well with the 
experimentally measured values [56]. Thus for bulk semiconductors it is a very good approximation to use results of 
a two parabolic band model. Here we use a three-band model with parabolic bands, i.e. conduction band, heavy-hole 
band, and light-hole band for calculations of both D- and ND- 2PA in QW’s. Since the calculation is carried out for 
undoped QW’s, the transitions between the heavy-hole and light-hole bands are ignored [60]. Thus for 2PA 
coefficient calculations, we are really considering two separate two-band models coupled via the common 
conduction band. 
The ND-2PA coefficient (𝛼2
𝑁𝐷) can be derived by directly calculating the two-photon transition rate (𝑊2
𝑁𝐷) from 
second-order perturbation theory (1) by using the relation 
  𝛼2
𝑁𝐷(𝜔1; 𝜔2) = 𝑊2
𝑁𝐷
ℏ𝜔1
2𝐼1𝐼2
. (3) 
Here 𝛼2
𝑁𝐷(𝜔1; 𝜔2) describes the absorption at 𝜔1 induced by the presence of a field at 𝜔2, and hence the irradiance 
change at 𝜔1 is given by 𝑑𝐼1 𝑑𝑧⁄ = −2𝛼2
𝑁𝐷(𝜔1; 𝜔2)𝐼2𝐼1 [56]. Note that 𝛼2
𝑁𝐷(𝜔1; 𝜔2) 𝛼2
𝑁𝐷(𝜔2; 𝜔1)⁄ = 𝜔1 𝜔2⁄ . As 
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we will describe below, even greater enhancement of END-2PA due to ISRE is expected in semiconductor QW’s. 
III. DEGENERATE TWO-PHOTON ABSORPTION IN QUANTUM WELLS 
To calculate the D-2PA coefficient (𝛼2
𝐷), an ideal infinitely high barrier QW is considered. The width of the QW 
is 𝑑, with 𝑥, 𝑦 being the plane of the QW and 𝑧 the growth axis (Fig. 2). QW’s have one dimensional confinement 
that lifts the degeneracy of the heavy-hole and light-hole bands at the band edge, and all bands split into many 
subbands. These subbands have confinement energies 
  𝐸𝜈,𝑛 =
𝑛2𝜋2ℏ2
2𝑚𝜈,⊥𝑑2
, (4) 
where 𝑛 = 1, 2, 3, … represents the index for valence subbands or conduction subbands, 𝜈 = 𝑐, ℎℎ, 𝑙ℎ represents 
conduction, heavy-hole, and light-holes respectively, 𝑚𝜈,⊥ is the longitudinal (perpendicular to the QW plane 𝑥, 𝑦) 
effective mass given by 
  𝑚𝑐,⊥ = 𝑚𝑐, (5) 
  𝑚ℎℎ,⊥ =
𝑚0
𝛾1 − 2𝛾2
, (6) 
and 
  𝑚𝑙ℎ,⊥ =
𝑚0
𝛾1 + 2𝛾2
, (7) 
where 𝑚𝑐 and 𝑚0 are the effective mass of the electron in the conduction band and the free electron mass 
respectively. 𝛾1 and 𝛾2 denote the Luttinger parameters [61]. Luttinger parameters are basically band structure 
parameters and are related to the curvature of the valence bands, hence related to effective mass in different 𝐤 
directions [61]. 
In the plane of the QW the dispersion is given by  
  𝐸𝜈,∥ =
ℏ2𝐤∥
2
2𝑚𝜈,∥
, (8) 
where ℏ𝐤∥ is the lateral quasi-momentum and 𝑚𝜈,∥ is the lateral (parallel to the QW plane 𝑥, 𝑦) effective mass given 
by 
  𝑚𝑐,∥ = 𝑚𝑐, (9) 
  𝑚ℎℎ,∥ =
𝑚0
𝛾1 + 𝛾2
, (10) 
and  
  𝑚𝑙ℎ,∥ =
𝑚0
𝛾1 − 𝛾2
. (11) 
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Fig. 2. Sketch of a finite QW structure showing electric vector polarization for TE and TM case. 
Following the envelope approximation the wave function describing the sub-bands in a QW can be written as  
  |𝜈,𝑛⟩ = 𝑢𝜈Ψ𝑛(𝑧)𝑒
𝑖𝒌∥𝒓∥, (12) 
where 𝐫∥ = 𝑥?̂? + 𝑦?̂?. For these infinitely high QW’s the envelope wave function is given by  
  Ψ𝑛(𝑧) = √
2
𝑑
sin (
𝑛𝜋𝑧
𝑑
) , (13) 
and the Bloch wave functions 𝑢𝜐 near the Brillouin zone center are given by 
  𝑢𝑐 = |𝑖𝑆 ↑⟩,  (14) 
  
𝑢ℎℎ = −
1
√2
|(𝑋 + 𝑖𝑌) ↑⟩, (15) 
and 
  𝑢𝑙ℎ = −
1
√6
|(𝑋 + 𝑖𝑌) ↓⟩ + √
2
3
|𝑍 ↑⟩, (16) 
where |𝑆 ↑⟩, is the band-edge function for the conduction band and |𝑋 ↑⟩, |𝑌 ↑⟩, |𝑍 ↑⟩, are band edge functions for 
the valence band. The ‘↑’ and ‘↓’represent the spin up and down of the electron or holes, respectively. We have 
similar band-edge functions for the down-spin of electrons or holes. These band-edge function are used to choose 
the basis functions, |𝑖𝑆 ↑⟩, |−(𝑋 + 𝑖𝑌) √2⁄ ↓⟩, |𝑍 ↑⟩, |(𝑋 − 𝑖𝑌) √2⁄ ↓⟩ and functions |𝑖𝑆 ↓⟩, |(𝑋 − 𝑖𝑌) √2⁄ ↑⟩, |𝑍 ↓⟩, 
|− (𝑋 + 𝑖𝑌) √2⁄ ↑⟩ used to form the heavy-hole, light-hole, and conduction band Bloch wave functions near the 
Brillouin zone center and calculate the corresponding eigen energies using the 𝐤 ∙ 𝐩 method in Kane’s model [62].  
There are different approaches to the calculation of 2PA coefficients in a crystalline solid: 1) second-order 
perturbation theory [27], [29], [63] can be used to calculate the transition rate from valence band to conduction band. 
This theory predicts the D-2PA coefficients quite well using a simple two parabolic band model [26], [27]. The 
more complex four band model gives similar results [63]. 2) First-order perturbation theory can be used with a 
dressed-state electron wave function which includes acceleration of electrons as a result of the applied ac light field 
[64]. This method provides identical 2PA values and spectrum to those obtained from second-order perturbation 
theory [26], [29], [65]. 3) The 2PA coefficient can also be found from the imaginary part of the third-order 
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susceptibility derived via perturbation theory [42]. In this paper we adopt the second-order perturbation theory, 
Fermi’s Golden Rule approach to calculate the 2PA in an infinite QW. The two-photon transition rate per unit 
volume as derived using second-order perturbation theory is given by, 
  𝑊2
𝑁𝐷 =
2𝜋
ℏ
2
𝑉
∑ |∑
⟨𝑐|?̂?𝑖𝑛𝑡|𝑖⟩⟨𝑖|?̂?𝑖𝑛𝑡|𝑣⟩
𝐸𝑖𝑣(𝐤) − ℏ𝜔
𝑖
|
2
𝑣𝑐
× 𝛿(𝐸𝑐𝑣(𝐤) − 2ℏ𝜔), (17) 
where ?̂?𝑖𝑛𝑡 = −
𝑒
𝑚0
𝐀(𝐫, 𝑡) ∙ 𝐩 represents the electron-field interaction Hamiltonian related to solids. 
A QW is necessarily anisotropic, hence the 2PA rate depends on the direction of polarization of the incident light. 
For light polarized in the plane of the quantum well ?̂? ≡ ?̂? or ?̂? (referred to as TE), the selection rules obey the 
condition ∆𝑛 = 0 [13], [51], [52], [66]. For the TE-TE case, because ∆𝑛 = 0, the transitions are necessarily of the 
allowed-forbidden type that occurs in bulk, and occur between valence and conduction bands of the same index 𝑛. 
Fig. 3 shows possible transition paths for 2PA with TE-TE polarized light. 
 
Fig. 3. Transitions shown here for two TE polarized waves corresponds to interband transition from valence subbands to 
conduction subbands and hole (or electron) intrasubband transitions. 
Considering the selection rules for TE (i.e. TE-TE) polarized light, the transition rate is given by 
  
𝑊2
𝐷|∥ =
2𝜋
ℏ
2
𝑉
∑ ∑∑|
⟨𝑐, 𝑛|?̂?𝑖𝑛𝑡|𝑣, 𝑛⟩⟨𝑣, 𝑛|?̂?𝑖𝑛𝑡|𝑣, 𝑛⟩
−ℏ𝜔
𝑘∥𝑛𝜈
+
⟨𝑐, 𝑛|?̂?𝑖𝑛𝑡|𝑐, 𝑛⟩⟨𝑐, 𝑛|?̂?𝑖𝑛𝑡|𝑣, 𝑛⟩
ℏ𝜔
|
2
 
× 𝛿(𝐸𝑐𝑣(𝐤∥) − 2ℏ𝜔), 
(18) 
where the first summation is over 2PA contributions of light-holes and heavy-holes, the second is over subbands of 
the same index, and the third is over 𝐤∥ in the plane of the quantum well. As observed from the Bloch function (12), 
for TE polarized light there is a contribution to 2PA both from heavy-holes and light-holes, and the intrasubband 
matrix elements exist only for self transitions, i.e., transitions within a single subband, given by 
  
⟨𝑣|𝐩|𝑣⟩ = ℏ
𝑚0
𝑚𝑣,∥
𝐤∥ and 
 ⟨𝑐|𝐩|𝑐⟩ =  ℏ
𝑚0
𝑚𝑐,∥
𝐤∥, 
(19) 
and the transition matrix elements for the intersubband matrix elements is given by 
  ⟨𝑐|𝐩|𝑣⟩ = 𝐩𝑐𝑣, (20) 
Note from (19) that these matrix elements are proportional to 𝐤∥ showing how these transitions become weak (so-
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called “forbidden” transitions) as |𝑘∥| → 0. Substituting the values of transition matrix elements from (19) and (20) 
and subband energies (4), transforming the summation over 𝐤∥ into an integration over kinetic energy, and using the 
momentum gauge for the interaction Hamiltonian, (18) is simplified to 
  
𝑊2
𝐷|∥ = ∑𝑎𝜈|𝑝𝑐𝑣|
2
4
ℏ5
𝑒4𝐴0
4
16𝑚0
4 (
𝑚0
𝜔
)
2 1
𝑑
𝜈
∑(2ℏ𝜔 − 𝐸𝑐,𝑛 − 𝐸𝜈,𝑛 − 𝐸𝑔)
𝑛
 
× Θ(2ℏ𝜔 − 𝐸𝑐,𝑛 − 𝐸𝜈,𝑛 − 𝐸𝑔), 
(21) 
where Θ(𝑥) is the Heaviside step function, 𝑎𝜈’s are the coefficients obtained by averaging over the electron wave 
vector (𝐤∥), and are equal to 1 4⁄  for heavy-holes and 1 12⁄  for light-holes. The D-2PA coefficient can be obtained 
from the transition rate by 
  𝛼2
𝐷|∥ = 𝑊2
𝐷|∥
2ℏ𝜔
𝐼2
, (22) 
where 𝐼 is the irradiance 
  𝐼 =
𝑛𝜔𝑐𝜀0𝜔
2𝐴0
2
2
, (23) 
The momentum matrix element |𝑝𝑐𝑣|
2 is related to the Kane energy parameter 𝐸𝑝 by 
  𝐸𝑝 = 2|𝑝𝑐𝑣|
2 𝑚0⁄ . (24) 
From (21) after the summation and using the relation (24), we obtain the following expression for the D-2PA 
coefficient for TE polarized light: 
  𝛼2
𝐷|∥ = 2(
16𝛼
𝑛𝜔
)
2 2𝐸𝑝(𝐸𝑙ℎ
11)2ℏ𝑑𝜇𝑙ℎ,⊥
𝑚0𝐸𝑔5
[
1
4
𝜇𝑙ℎ,⊥
𝜇ℎℎ,⊥
𝐹(𝜁ℎℎ) +
1
12
𝐹(𝜁𝑙ℎ)] (
𝐸𝑔
2ℏ𝜔
)
5
, (25) 
where  
  𝜁𝜈 =
2ℏ𝜔 − 𝐸𝑔
𝐸𝜈11
, (26) 
  
𝐸𝜈
11 = 𝐸𝑐
1 + 𝐸𝑣
1 =
ℏ2𝜋2
2𝜇𝜈,⊥𝑑2
, 
(27) 
  
𝐹(𝜁𝜈) = (𝜁𝜈𝑁𝜈 −
1
3
𝑁𝜈
3 −
1
2
𝑁𝜈
2 −
1
6
𝑁𝜈) , 
(28) 
  𝑁𝜈 = 𝐼𝑛𝑡(√𝜁𝜈), (29) 
and 𝛼 = 𝑒2 4𝜋𝜀0ℏ𝑐⁄ ≈ 1 137⁄  is the fine structure constant, 𝑛𝜔 is the refractive index, 𝑁𝜈 is the number of two-
photon transitions between the valence and conduction subbands. 𝜁𝜈  defines how far above the bandgap (𝐸𝑔) the 
two-photon transition energy is, normalized to the linear absorption edge. 
 For light polarized along the growth direction of the QW, ?̂? ≡ ?̂? (referred as TM) the selection rule obeys the 
condition Δ𝑛 odd [13], [51], [52], [66]. For 2PA in the TM-TM case the interband transition involves a change of 𝑛 
and the “intraband” transition occurs either between two conduction subbands or valence subbands. Fig. 4 shows 
some of the various transition paths possible for 2PA of TM-TM polarized light, which correspond to interband 
transitions from valence subbands to conduction subband and hole (or electron) intersubband transitions. 
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Fig. 4. Transitions shown here for two TM polarized waves correspond to interband transitions from the 𝑛𝑡ℎ valence 
subband to the (𝑛 + 1)𝑡ℎ conduction subband and hole (or electron) intersubband transitions. 
Considering the selection rules for TM (i.e. TM-TM) polarized light, the transition rate is given by 
  
𝑊2
𝐷|⊥ =
2𝜋
ℏ
2
𝑉
∑∑||
⟨𝑐, 𝑛 ± 1|?̂?𝑖𝑛𝑡|𝑐, 𝑛⟩⟨𝑐, 𝑛|?̂?𝑖𝑛𝑡|𝑣, 𝑛⟩
[ℏ𝜔 −
((𝑛 ± 1)2 − 𝑛2)𝜋2ℏ2
2𝑚𝑐,⊥𝑑2
]𝑘∥𝑛
 
−
⟨𝑐, 𝑛 ± 1|?̂?𝑖𝑛𝑡|𝑣, 𝑛 ± 1⟩⟨𝑣, 𝑛 ± 1|?̂?𝑖𝑛𝑡|𝑣, 𝑛⟩
[ℏ𝜔 +
((𝑛 ± 1)2 − 𝑛2)𝜋2ℏ2
2𝑚𝑣,⊥𝑑2
]
||
2
𝛿(𝐸𝑐𝑣(𝐤∥) − 2ℏ𝜔). 
(30) 
The two-photon transitions in the TM-TM case are calculated in (32), only considering Δ𝑛 = ±1. Higher odd Δ𝑛 
values are ignored as their contribution is small [42]. Disregarding transitions between light-holes and heavy-holes 
[26] it can be determined from (12) that for TM-TM polarized light, contributions to 2PA occur only for light-hole 
and electron pairs. The intersubband matrix elements for TM-TM polarized light are given by 
  
⟨𝑣, 𝑛 ± 1|𝐩|𝑣, 𝑛⟩ = −𝑖ℏ
𝑚0
𝑚𝑣,⊥
4(𝑛 ± 1)𝑛
𝑑((𝑛 ± 1)2 − 𝑛2)
?̂? and 
⟨𝑐, 𝑛 ± 1|𝐩|𝑐, 𝑛⟩ = −𝑖ℏ
𝑚0
𝑚𝑐,⊥
4(𝑛 ± 1)𝑛
𝑑((𝑛 ± 1)2 − 𝑛2)
?̂?. 
(31) 
Using the momentum gauge and following a similar method for simplification as carried out for the TE-TE case in 
(31), we obtain 
  
𝑊2
𝐷|⊥ =
2𝜋
ℏ
𝑒4𝐴0
4
16𝑚0
4
𝜇𝑙ℎ,∥𝑚0
2
𝜋𝑑3
2
3
|𝑝𝑐𝑣|
2 [
ℏ𝜔
𝜇𝑙ℎ,⊥
]
2
[ℏ𝜔 −
(1 ± 2𝑛)𝜋2ℏ2
2𝑚𝑐,⊥𝑑2
]
−2
 
× [ℏ𝜔 +
(1 ± 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥𝑑2
]
−2
Θ(2ℏ𝜔 − 𝐸𝑔 − 𝐸𝑐,𝑛±1 − 𝐸𝑙ℎ,𝑛). 
(32) 
After simplification of (32) and using the relation in (24) we obtain the following expression for the D-2PA 
coefficient for TM-TM polarized light: 
  𝛼2
𝐷|⊥ =
1
3
(
32𝛼
𝜋𝑛𝜔
)
2 2𝐸𝑝(𝐸𝑙ℎ
11)2𝑑𝜇𝑙ℎ,∥ℏ
𝑚0𝐸𝑔5
(
𝐸𝑔
2ℏ𝜔
)
5
[𝐹(𝑁1) + 𝐹(𝑁2)], (33) 
where  
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  𝐹(𝑁1(2)) = ∑[[(2𝑛 + 1) −
1
(2𝑛 + 1)
]
2
𝑛
[ℏ𝜔 −
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑐(𝑙ℎ,⊥)𝑑2
]
−2
[ℏ𝜔 +
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥(𝑐)𝑑2
]
−2
] , (34) 
and  
  𝑁1(2) = 𝐼𝑛𝑡 [(𝜁𝑙ℎ −
𝜇𝑙ℎ,⊥
𝑚𝑐(𝑙ℎ,⊥)
+ (
𝜇𝑙ℎ,⊥
𝑚𝑐(𝑙ℎ,⊥)
)
2
)
1 2⁄
−
𝜇𝑙ℎ,⊥
𝑚𝑐(𝑙ℎ,⊥)
] , (35) 
where 𝑁1 is the number of all possible two-photon transitions from the 𝑛𝑡ℎ light-hole subband to the (𝑛 + 1)𝑡ℎ 
conduction subband, and there are 𝑁2 possible two-photon transitions from the (𝑛 + 1)𝑡ℎ light-hole subband to the 
𝑛𝑡ℎ conduction subband. 
Fig. 5 shows results for the D-2PA coefficient plotted against the two-photon energy (2ℏ𝜔) for the TE-TE and 
TM-TM case calculated for an infinitely high barrier in a GaAs QW of thickness 10 nm, along with the D-2PA 
coefficient for bulk GaAs calculated using the relation [26], [27] 
  𝛼2
𝐷 = (
16𝛼
𝑛𝜔
)
2 1
5
𝜋𝐸𝑝ℏ
2
𝑚0
23 2⁄ 𝜇𝑟
1 2⁄
𝐸𝑔
7 2⁄
𝐹(𝑥), (36) 
where  
  𝐹(𝑥) =
(2𝑥 − 1)3 2⁄
(2𝑥)5
 and 𝑥 =
ℏ𝜔
𝐸𝑔
, (37) 
𝐸𝑝 is the Kane energy and 𝜇𝑟 = (1 𝑚𝑐⁄ + 1 𝑚ℎℎ⁄ )
−1 is the reduced mass of electron and heavy-hole. Note that 𝐸𝑝 
scales as 𝐸𝑔
−1 2⁄
 so that 𝛼2
𝐷 scales as 𝐸𝑔
−3. The material parameters for GaAs used in the calculations to generate Fig. 
5, and all subsequent figures in this paper, are given in Table I. 
 
Fig. 5. D-2PA coefficient (𝛼2
𝐷) for bulk GaAs and GaAs QW (TE-TE and TM-TM) of width 10 𝑛𝑚. 
The D-2PA coefficient 𝛼2
𝐷|∥ has discontinuities in the derivative of the D-2PA curve as we cross the transition 
from the 𝑛𝑡ℎ valence subband to the 𝑛𝑡ℎ conduction subband. The continuous increase of 𝛼2
𝐷|∥ from one band to the 
other band is due to the linear dependence of the intraband transition matrix elements on the in-plane wave vector 
(𝐤) (19). We do not observe a step-like increase in 𝛼2
𝐷|∥ as observed in one-photon absorption in QW’s, because 
when the two-photon energy increases just past the 𝑛𝑡ℎ transition energy, the in-plane wave vector is zero. In the 
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TM-TM case the D-2PA coefficient 𝛼2
𝐷|⊥ is more structured and shows the step-like density of states features of a 
QW corresponding to each band-to-band transition. 𝛼2
𝐷|⊥ shows step-like features because the intraband matrix 
elements are 𝐤 independent (31). 
TABLE I 
MATERIAL PARAMETERS FOR GaAs [74], [75] 
Parameters Value 
𝐸𝑔(eV) 1.424 
𝐸𝑝(eV) 28.8
 
𝑚𝑐 𝑚0⁄  0.067 
𝑚ℎℎ 𝑚0⁄
 0.5 
𝛾1 6.8 
𝛾2 1.9 
 
Fig. 6 shows the D-2PA coefficient evaluated for different thicknesses for the TE-TE and TM-TM cases along 
with that for bulk GaAs. In these plots, the sum of the photon energies is shown scaled to the respective linear 
absorption edge energies of the bulk and QW since this allows comparing bulk and QW, semiconductors on the 
same scale. For the bulk case, 𝛼2
𝐷 is plotted against the two-photon energy normalized to the bandgap, whereas for 
the QW, 𝛼2
𝐷|∥ is plotted against the two-photon energy normalized to 𝐸𝑔 + 𝐸ℎℎ
11 for the TE-TE case, and 𝛼2
𝐷|⊥ is 
plotted against the two-photon energy normalized to 𝐸𝑔 + 𝐸𝑙ℎ
11 for the TM-TM case.  
         
Fig. 6. D-2PA coefficient in bulk GaAs and GaAs QW’s of different widths: (a) TE-TE case and (b) TM-TM case. The arrows 
indicate valence band to conduction band transition energies. 
As we go higher in two-photon energy (2ℏ𝜔), 𝛼2
𝐷 increases for photon energies close to the middle of the 
bandgap, goes through a maximum and then decreases for photon energies close to the bandgap. The initial increase 
in 𝛼2
𝐷 for midgap photon energies is attributed to the dominant contribution of the increased density of states, and 
the decrease for photon energies close to the bandgap is attributed to the dominant contribution of the increase in the 
detuning term 𝐸𝑖𝑣(𝐤) − ℏ𝜔 (see (17)). For the QW, we observe that 𝛼2
𝐷|∥ decreases with a decrease in the QW 
width (𝑑). This can be explained by the increase in the effective gap energy due to confinement. For the QW in the 
TM-TM case we observe regions with an increase in 𝛼2
𝐷|⊥ with a decrease in 𝑑. This modulation of the 2PA curve is 
due to the step-like features of the density of states. The arrows in Fig. 6 label the valence subband to conduction 
subband transition energies. As discussed earlier, for the TE-TE case only ∆𝑛 = 0, and for the TM-TM case Δ𝑛 =
 12 
±1, are considered. In the TM-TM case, the first transition is from the 2nd light-hole subband to the 1st electron 
subband, thus the onset of 2PA occurs at 2ℏ𝜔 = 𝐸𝑔 + 𝐸𝑙ℎ
12, rather than 2ℏ𝜔 = 𝐸𝑔 + 𝐸𝑙ℎ
11. In the limiting case of a 
wide QW, both 𝛼2
𝐷|∥ and 𝛼2
𝐷|⊥ approach the bulk value 𝛼2
𝐷 as seen in Fig. 6. 
IV. NONDEGENERATE TWO-PHOTON ABSORPTION IN QUANTUM WELLS 
For ND-2PA, the transition rate obtained from second-order perturbation theory, where each photon of energies ℏ𝜔1 
and ℏ𝜔2 is absorbed, is given by, 
  
𝑊2
𝑁𝐷 =
2𝜋
ℏ
2
𝑉
∑|∑[
⟨𝑐|𝐻2𝑖𝑛𝑡|𝑖⟩⟨𝑖|𝐻1𝑖𝑛𝑡|𝑣⟩
𝐸𝑖𝑣(𝐤) − ℏ𝜔1
𝑖𝑣𝑐
+
⟨𝑐|𝐻1𝑖𝑛𝑡|𝑖⟩⟨𝑖|𝐻2𝑖𝑛𝑡|𝑣⟩
𝐸𝑖𝑣(𝐤) − ℏ𝜔2
]|
2
 
× 𝛿(𝐸𝑐𝑣(𝐤) − ℏ𝜔1 − ℏ𝜔2), 
(38) 
where ?̂?1𝑖𝑛𝑡 = −
𝑒
𝑚0
𝐀𝟏(𝐫, 𝑡) ∙ 𝐩 and ?̂?2𝑖𝑛𝑡 = −
𝑒
𝑚0
𝐀𝟐(𝐫, 𝑡) ∙ 𝐩 represent the electron-field interaction Hamiltonian 
related to solids. Similar to the degenerate case, considering the selection rules for TE (i.e. TE-TE) polarized light, 
the transition rate for the ND-2PA for the TE-TE case may be simplified to yield 
  
𝑊2
𝑁𝐷|∥ =
2𝜋
ℏ
2
𝑉
∑ ∑∑ |
⟨𝑐, 𝑛|?̂?2𝑖𝑛𝑡|𝑣, 𝑛⟩⟨𝑣, 𝑛|?̂?1𝑖𝑛𝑡|𝑣, 𝑛⟩
−ℏ𝜔1
𝑘∥𝑛𝜈
 
+
⟨𝑐, 𝑛|?̂?1𝑖𝑛𝑡|𝑣, 𝑛⟩⟨𝑣, 𝑛|?̂?2𝑖𝑛𝑡|𝑣, 𝑛⟩
−ℏ𝜔2
+
⟨𝑐, 𝑛|?̂?1𝑖𝑛𝑡|𝑐, 𝑛⟩⟨𝑐, 𝑛|?̂?2𝑖𝑛𝑡|𝑣, 𝑛⟩
ℏ𝜔1
 
+
⟨𝑐, 𝑛|?̂?2𝑖𝑛𝑡|𝑐, 𝑛⟩⟨𝑐, 𝑛|?̂?1𝑖𝑛𝑡|𝑣, 𝑛⟩
ℏ𝜔2
]|
2
𝛿(𝐸𝑐𝑣(𝐤∥) − ℏ𝜔1 − ℏ𝜔2). 
(39) 
The summations over 𝜈, 𝑛, and 𝑘 are the same as described for (18). As mentioned in the calculations of D-2PA for 
the TE-TE case, there are contributions both from heavy-holes and light-holes to 2PA for TE polarized light and the 
intersubband matrix elements exist only for transitions within a single subband. Substituting values for the transition 
matrix elements (19) and subband energies (4) and transforming the summation over the in-plane wave vector 𝐤∥ 
into an integration over kinetic energy, we obtain 
  
𝑊2
𝑁𝐷|∥ = ∑ 𝑎𝜈|𝑝𝑐𝑣|
2
4
ℏ5
𝑒4𝐴01
2 𝐴02
2
16𝑚0
2
1
𝑑
(
1
𝜔1
+
1
𝜔2
)
2
𝜈
∑(ℏ𝜔1 + ℏ𝜔2 − 𝐸𝑒,𝑛 − 𝐸𝜈,𝑛 − 𝐸𝑔)
𝑛
 
× Θ(ℏ𝜔1 + ℏ𝜔2 − 𝐸𝑒,𝑛 − 𝐸𝜈,𝑛 − 𝐸𝑔), 
(40) 
After the summations in (40) and substituting 𝐸𝑝 from (24) into (40), we obtain the following expression for the 
ND-2PA coefficient for the TE-TE polarized light: 
  
𝛼2
𝑁𝐷(𝜔1; 𝜔2)|∥ = 2
(16𝛼)2
𝑛𝜔1𝑛𝜔2
2𝐸𝑝(𝐸𝑙ℎ,11)
2
𝑑𝜇𝑙ℎ,⊥
𝑚0𝐸𝑔5
[
1
4
𝜇𝑙ℎ,⊥
𝜇ℎℎ,⊥
𝐹(𝜁ℎℎ
𝑁𝐷) +
1
12
𝐹(𝜁𝑙ℎ
𝑁𝐷)] 
×
ℏ
27
ℏ𝜔1
𝐸𝑔
(
ℏ𝜔2
𝐸𝑔
)
2 (
𝐸𝑔
ℏ𝜔1
+
𝐸𝑔
ℏ𝜔2
)
2
, 
(41) 
where for the nondegenerate case  
  𝜁𝜈
𝑁𝐷 =
ℏ𝜔1 + ℏ𝜔2 − 𝐸𝑔
𝐸𝜈11
. (42) 
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The expressions for 𝐸𝜈
11, 𝐹(𝜁𝜈
𝑁𝐷), and 𝑁𝜈 in the nondegenerate case have the same form as in (27), (28), and (29) 
except that 𝜁𝑣
𝑁𝐷  is now given by (42). Here 𝑁𝑣 is the number of nondegenerate two-photon transitions between the 
valence and conduction subbands. 
Considering the selection rules, the transition rate for ND-2PA for TM (i.e. TM-TM) polarized light, is given by 
  
𝑊2
𝑁𝐷|⊥ =
2𝜋
ℏ
2
𝑉
∑ ∑||
⟨𝑐, 𝑛 ± 1|?̂?2𝑖𝑛𝑡|𝑣, 𝑛 ± 1⟩⟨𝑣, 𝑛 ± 1|?̂?1𝑖𝑛𝑡|𝑣, 𝑛⟩
− [ℏ𝜔1 +
((𝑛 ± 1)2 − 𝑛2)𝜋2ℏ2
2𝑚𝑙ℎ,⊥𝑑2
]𝑘∥𝑛
 
+
⟨𝑐, 𝑛 ± 1|?̂?1𝑖𝑛𝑡|𝑣, 𝑛 ± 1⟩⟨𝑣, 𝑛 ± 1|?̂?2𝑖𝑛𝑡|𝑣, 𝑛⟩
− [ℏ𝜔2 +
((𝑛 ± 1)2 − 𝑛2)𝜋2ℏ2
2𝑚𝑙ℎ,⊥𝑑2
]
+
⟨𝑐, 𝑛 ± 1|?̂?2𝑖𝑛𝑡|𝑐, 𝑛⟩⟨𝑐, 𝑛|?̂?1𝑖𝑛𝑡|𝑣, 𝑛⟩
ℏ𝜔2 −
((𝑛 ± 1)2 − 𝑛2)𝜋2ℏ2
2𝑚𝑐,⊥𝑑2
+
⟨𝑐, 𝑛 ± 1|?̂?1𝑖𝑛𝑡|𝑐, 𝑛⟩⟨𝑐, 𝑛|?̂?2𝑖𝑛𝑡|𝑣, 𝑛⟩
ℏ𝜔1 −
((𝑛 ± 1)2 − 𝑛2)𝜋2ℏ2
2𝑚𝑐,⊥𝑑2
||
2
× 𝛿(𝐸𝑐𝑣(𝐤∥) − ℏ𝜔1 − ℏ𝜔2). 
(43) 
Substituting intersubband and interband transition matrix elements from (20) and (31), (43) becomes 
  
𝑊2
𝑁𝐷|⊥ =
2𝜋
ℏ
𝑒4𝐴01
2 𝐴02
2
16𝑚0
4
ℏ2𝑚0
2
(𝜇𝑙ℎ,⊥)
2
𝑑2
∑
2
𝑉
∑ [
4(𝑛 ± 1)𝑛
1 ± 2𝑛
]
2
2
3
|𝑝𝑐𝑣|
2
𝑘∥𝑛
 
×
[
 
 
 
 
ℏ𝜔1
[ℏ𝜔1 −
(1 ± 2𝑛)𝜋2ℏ2
2𝑚𝑐,⊥𝑑
2 ] [ℏ𝜔1 +
(1 ± 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥𝑑
2 ]
 
+
ℏ𝜔2
[ℏ𝜔2 −
(1 ± 2𝑛)𝜋2ℏ2
2𝑚𝑐,⊥𝑑2
] [ℏ𝜔2 +
(1 ± 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥𝑑2
]
]
 
 
 
2
× 𝛿(𝐸𝑐𝑣(𝐤∥) − ℏ𝜔1 − ℏ𝜔2). 
(44) 
The summation over 𝑛 corresponds to allowed two-photon transitions between valence subbands 𝑛 and conduction 
subbands 𝑛 ± 1. Simplifying (44) we obtain 
  𝑊2
𝑁𝐷|⊥ =
2𝜋
ℏ
𝑒4𝐴01
2 𝐴02
2
16𝑚0
4
ℏ2𝑚0
2
(𝜇𝑙ℎ,⊥)
2
𝑑2
𝜇𝑙ℎ,∥
𝜋ℏ2𝑑
2
3
|𝑝𝑐𝑣|
2 ∑[𝐹(𝑁1) + 𝐹(𝑁2)]
𝑛
, (45) 
where 𝐹(𝑁1) and 𝐹(𝑁2) are given by 
  
𝐹(𝑁1(2)) =
[
 
 
 
 
 
[(2𝑛 + 1) −
1
(2𝑛 + 1)
] ×
[
 
 
 
 
ℏ𝜔1
[ℏ𝜔1 −
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑐(𝑙ℎ,⊥)𝑑2
] [ℏ𝜔1 +
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥(𝑐)𝑑2
]
 
+
ℏ𝜔2
[ℏ𝜔2 −
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑐(𝑙ℎ,⊥)𝑑2
] [ℏ𝜔2 +
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥(𝑐)𝑑2
]
]
 
 
 
 
]
 
 
 
 
 
2
. 
(46) 
The ND-2PA coefficient for TM-TM polarized light is obtained from the transition rate as 
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  𝛼2
𝑁𝐷(𝜔1; 𝜔2)|⊥ =
1
3
(
32𝛼
𝜋 )
2
𝑛𝜔1𝑛𝜔2
2𝐸𝑝(𝐸𝑙ℎ,11)
2
𝜇𝑙ℎ,∥ℏ𝑑
𝑚0𝐸𝑔3
× ∑[𝐹(𝑁1) + 𝐹(𝑁2)]
𝑛
1
27
ℏ𝜔1
𝐸𝑔
(
ℏ𝜔2
𝐸𝑔
)
2. (47) 
Fig. 7 shows results for the ND-2PA coefficient of bulk GaAs and for a GaAs QW having infinitely high barriers 
and of different widths for both the TE-TE and TM-TM case calculated at optical frequencies 𝜔1 and 𝜔2. The ND-
2PA coefficient of bulk GaAs is calculated using the relation [26], [30] 
  𝛼2
𝑁𝐷(𝜔1; 𝜔2) =
(16𝛼)2
𝑛𝜔1𝑛𝜔2
1
5
𝜋𝐸𝑝ℏ
223 2⁄ 𝜇𝑟
1 2⁄
𝑚0𝐸𝑔
7 2⁄
𝐹(𝑥1, 𝑥2), (48) 
where  
  
𝐹(𝑥1; 𝑥2) =
(𝑥1 + 𝑥2 − 1)
3 2⁄
27𝑥1𝑥2
2 (
1
𝑥1
+
1
𝑥2
)
2
,  
𝑥1 =
ℏ𝜔1
𝐸𝑔
, 𝑥2 =
ℏ𝜔2
𝐸𝑔
. 
(49) 
In Fig. 7 the ND-2PA coefficients are plotted against the photon energies scaled with respect to the one-photon 
transition energies. This allows comparison of the ND-2PA coefficient for the bulk and QW semiconductors on the 
same scale and also makes comparison to the respective D-2PA coefficient easier. Due to the large energy difference 
of photon pairs in the nondegenerate case, for a bulk semiconductor there is about a hundred-fold increase in 
𝛼2
𝑁𝐷(𝜔1; 𝜔2) over 𝛼2
𝐷. This enhancement has been measured for direct-gap semiconductors [56] and has been used 
for different applications such as mid-infrared (mid-IR) detection [10] and imaging [67]. 
In a standard experimental setup, the measurement of 𝛼2
𝑁𝐷(𝜔1; 𝜔2), such as that carried out in Ref. [56], uses a 
pump-probe geometry where the transmission of the weak probe beam at 𝜔1 is monitored in the presence of the 
strong pump beam at 𝜔2. The pump is chosen to have a long wavelength to avoid any D-2PA or three-photon 
absorption of the pump itself. The enhancement in 𝛼2
𝑁𝐷(𝜔1; 𝜔2) is explained by the resonant terms in the 
denominator of (38).  
       
Fig. 7. ND-2PA coefficient in bulk GaAs and GaAs QW’s of different widths: (a) TE-TE case and (b) TM-TM case. The arrows 
indicate valence band to conduction band transition energies. 
Both plots in Fig. 7 are generated with a pump photon energy ℏ𝜔2 ≈ 0.12𝐸𝑔, corresponding to a wavelength of 
7.5 μm and varying the probe photon energy ℏ𝜔1. In Fig. 7, and all subsequent plots of 2PA versus energy, we 
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restrict the probe photon energy, ℏ𝜔1, to be 30 meV below the linear absorption edge. This is done to keep the linear 
Urbach–tail absorption low. For the TM-TM case the linear absorption edge occurs at 𝐸𝑔 + 𝐸𝑙ℎ
11. For the QW in the 
TE-TE case, 𝛼2
𝑁𝐷|∥ shows similar continuous transitions from the 𝑛𝑡ℎ valence subband to the 𝑛𝑡ℎ conduction 
subband as in D-2PA. The transition paths for ND-2PA in the TE-TE and TM-TM cases are shown in Fig. 3 and 
Fig. 4 respectively. 
Fig. 7 (a) shows 𝛼2
𝑁𝐷|∥(𝜔1; 𝜔2) for QW widths of 10 𝑛𝑚 and 5 𝑛𝑚. We observe a small increase in 
𝛼2
𝑁𝐷|∥(𝜔1; 𝜔2) over the bulk for larger confinements, attributed to the dominant contribution of the increased 
density of states in QW’s. For (ℏ𝜔1 + ℏ𝜔2) 𝐸𝑔⁄ = (ℏ𝜔1 + ℏ𝜔2) (𝐸𝑔 + 𝐸ℎℎ
11)⁄  = 1.02, 𝛼2
𝑁𝐷|∥  (𝜔1; 𝜔2) for a QW of 
width 10 𝑛𝑚 is ≈ 2 times the bulk 𝛼2
𝑁𝐷(𝜔1; 𝜔2) and for a QW of width 5 𝑛𝑚 is ≈ 3.4 times the bulk 𝛼2
𝑁𝐷(𝜔1; 𝜔2). 
Similar to 𝛼2
𝐷|∥ there is a continuous increase of 𝛼2
𝑁𝐷|∥(𝜔1; 𝜔2) due to the linear dependence of the intraband 
transition matrix elements on the in-plane wave vector (𝐤∥) (19) and the signature step-like feature seen in the linear 
absorption spectrum of QW’s is not observed. 
For ND-2PA in the TM-TM case (Fig. 7 (b)) 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) shows more structured features, as in D-2PA, due to 
the similar selection rules and transition paths. For (ℏ𝜔1 + ℏ𝜔2) 𝐸𝑔⁄ = 1.02 in the bulk case, 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ≈
82 𝑐𝑚 𝐺𝑊⁄  and for (ℏ𝜔1 + ℏ𝜔2) (𝐸𝑔 + 𝐸𝑙ℎ
12)⁄ = 1.02, in a QW of width 10 𝑛𝑚, 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) ≈ 3000 𝑐𝑚 𝐺𝑊⁄  
which is ≈ 36 × that of the bulk. 
       
Fig. 8. (a) ND-2PA coefficient (𝛼2
𝑁𝐷|⊥) in a GaAs QW of width 10 𝑛𝑚 for various pump photon energies. (b) ND-2PA coefficient 
(𝛼2
𝑁𝐷|⊥) in a GaAs QW of different widths for a constant pump photon energy ℏ𝜔2 corresponding to a wavelength of 5.5 μm. The 
arrows indicate valence band to conduction band transition energies. 
Since in the TM-TM case, the 1st two-photon transition occurs at (𝐸𝑔 + 𝐸𝑙ℎ
12), the range over which the pump 
(ℏ𝜔2) and probe (ℏ𝜔1) photon energies can vary depends on the quantum well width and gives a limit for the 
extreme nondegenerate cases for QW’s with large confinement. The photon energy condition for the pump is given 
by, 
  ℏ𝜔2 > 𝐸𝑙ℎ
2 − 𝐸𝑙ℎ
1 . (50) 
The range of probe photon energies is given by, 
  𝐸𝑔 + 𝐸𝑙ℎ
12 − ℏ𝜔2 < ℏ𝜔1 < 𝐸𝑔 + 𝐸𝑙ℎ
11. (51) 
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This is depicted in Fig. 8, which shows different scenarios for 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2). In Fig. 8 (a), 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) is 
plotted for a QW of width 10 𝑛𝑚 for different values of ℏ𝜔2, while ℏ𝜔1 is varied. In Fig. 8 (b) 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) is 
plotted for QW’s of different widths with a constant ℏ𝜔2 while varying ℏ𝜔1.  
In Fig. 8 (a) as we decrease the photon energy ℏ𝜔2, we observe a strong increase in 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) at the C1LH2 
transition. The C2LH1 transitions are not observed for ℏ𝜔2(8 𝜇𝑚) and ℏ𝜔2(7 𝜇𝑚), because ℏ𝜔1 + ℏ𝜔2 < 𝐸𝑔 +
𝐸𝑙ℎ
12. This increase is also observed in Fig. 8 (b) as we decrease the QW width from 10 𝑛𝑚 to 8 𝑛𝑚. As the 
confinement increases there is a strong enhancement of 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) at the C1LH2 transition, but the C2LH1 
transition is not observed (Fig. 8 (b)) for ℏ𝜔2(5.5 μm ).  
The above cases are examined for ND-2PA in a QW in which the two-photons are of the same polarization. It is 
also interesting to investigate the case of ND-2PA where one of the incident beams is TE polarized and the other 
beam is TM polarized. We refer this as the TE-TM case. We let the TE polarized wave have photon energy ℏ𝜔1 
while the TM polarized wave has photon energy ℏ𝜔2. The transition paths for ND-2PA in the TE-TM case are 
shown in Fig. 9. 
       
Fig. 9. (a) Transitions shown here corresponds to an interband transition from a valence subband to conduction subband and a light-
hole (or electron) intrasubband transition, and (b) Transitions shown here correspond to an interband transition from the 𝑛𝑡ℎ valence 
subband to the (𝑛 + 1)𝑡ℎ conduction subband and a light-hole (or electron) or heavy-hole (or electron) intersubband transition. 
In Fig. 9 (a) the transition paths are shown only for light-hole contributions to the 2PA as the heavy-hole 
interband transition is not excited by TM polarized light. In Fig. 9 (b), the transition paths shown have both light-
hole and heavy-hole contributions to the 2PA. This is because TE polarized light excites both heavy-hole and light-
hole interband transitions and TM polarized light excites both heavy-hole and light-hole intersubband transitions. 
Considering the two-photon transition paths shown in Fig. 9 (following the appropriate selection rules) the two-
photon transition rate for ND-2PA for the TE-TM case is given by 
  𝑊2
𝑁𝐷|𝑇𝐸−𝑇𝑀 =
2𝜋
ℏ
𝑒4𝐴01
2 𝐴02
2
16𝑚0
4 ∑
2
𝑉
∑ 𝑎
𝑘∥𝑛
 (52) 
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× 𝛿(𝐸𝑐𝑣(𝐤∥) − ℏ𝜔1 − ℏ𝜔2), 
where ?̂?1 and ?̂?2 represents polarization of TE and TM beams respectively, and summation over 𝑣 corresponds to 
contributions of light-holes and heavy-holes to ND-2PA. Following the procedure carried out in the derivation of the 
ND-2PA coefficient of TE and TM cases, 𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2)is given by, 
  
𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2) =
𝛼2
𝑛𝜔1𝑛𝜔2
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2
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2
1
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𝑛
]]
𝐸𝑔
3
(ℏ𝜔1)(ℏ𝜔2)2
, 
(53) 
where 𝑁1 and 𝑁2 are given by (35) and 𝐹𝑙ℎ(𝑁1(2)) and 𝐹ℎℎ(𝑁1(2)) are given by 
  
𝐹𝑙ℎ(𝑁1(2)) = [[(2𝑛 + 1) −
1
(2𝑛 + 1)
] 
× ℏ𝜔2 [ℏ𝜔2 −
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑐(𝑙ℎ,⊥)𝑑2
]
−1
[ℏ𝜔2 +
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑙ℎ,⊥(𝑐)𝑑2
]
−1
]
2
, 
(54) 
and 
  
𝐹ℎℎ(𝑁1(2)) = [[(2𝑛 + 1) −
1
(2𝑛 + 1)
] 
× ℏ𝜔2 [ℏ𝜔2 −
(1 + 2𝑛)𝜋2ℏ2
2𝑚𝑐(ℎℎ,⊥)𝑑2
]
−1
[ℏ𝜔2 +
(1 + 2𝑛)𝜋2ℏ2
2𝑚ℎℎ,⊥(𝑐)𝑑2
]
−1
]
2
. 
(55) 
In Fig. 10 the ND-2PA coefficients evaluated for bulk GaAs and GaAs QW’s for the TM-TM case and TE-TM 
case are shown for a pump photon energy ℏ𝜔2(7.5 𝜇𝑚).  For the QW, 𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀 is plotted against the sum of two-
photon energies normalized to 𝐸𝑔 + 𝐸ℎℎ
11. 
 18 
From Fig. 10 we observe that ND-2PA in the TE-TM case is also structured as in the TM-TM case. Here the 1st 
transition starts when the sum of the two-photon energies becomes greater than 𝐸𝑔 + 𝐸ℎℎ
11. For (ℏ𝜔1 + ℏ𝜔2) 𝐸𝑔⁄ =
1.02 in the bulk case, 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ≈ 82 cm GW⁄  and for (ℏ𝜔1 + ℏ𝜔2) 𝐸𝑔 + 𝐸𝑙ℎ
11⁄ = 1.02 in the QW of width 
10 𝑛𝑚, 𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2) ≈ 110 cm GW⁄ . Since the two-photon transition energy starts at 𝐸𝑔 + 𝐸ℎℎ
11 the ratio of 
(ℏ𝜔1 + ℏ𝜔2) and 𝐸𝑔 + 𝐸𝑙ℎ
11 is taken to compare the ND-2PA coefficients of the bulk and QW for the TE-TM case 
on the same scale. As we see, the values of ND-2PA in the QW for the TE-TM case and the bulk case are almost 
equal. As we go deeper into the band, the ND-2PA in the bulk case is even larger than in the TE-TM case for the 
QW. 
 
Fig. 10. ND-2PA of bulk GaAs and GaAs QW of width 10 nm for TM-TM and TE-TM cases for pump photon energy ℏ𝜔2(7.5 μm). 
     
Fig. 11. (a) ND-2PA coefficient ND-2PA of GaAs QW of width (a) 10 𝑛𝑚 (b) 5 𝑛𝑚 for the TE-TM case. The arrows indicate valence 
band to conduction band transition energies. 
For a better understanding of ND-2PA in the TE-TM case, 𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2) for QW’s of different widths is 
plotted in Fig. 11 for several pump photon energies. For a QW of width 10 𝑛𝑚 (Fig. 11 (a)) we observe that 
𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2) ≈ 2600 𝑐𝑚 𝐺𝑊⁄  at the C2HH1 transition for a pump photon energy of ℏ𝜔2 (6 𝜇𝑚). For other 
pump photon energies ℏ𝜔2 (5 μm), ℏ𝜔2 (7 μm), and ℏ𝜔2 (8 μm) we did not observe a strong enhancement in 
𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2). 
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For a QW of width 5 𝑛𝑚 (Fig. 11 (b)), for pump photon energies ℏ𝜔2 (5 𝜇𝑚), ℏ𝜔2 (6 𝜇𝑚), and ℏ𝜔2 (7 𝜇𝑚), we 
observe that 𝛼2
𝑁𝐷|𝑇𝐸−𝑇𝑀(𝜔1; 𝜔2) is not highly enhanced in comparison to the bulk. For the pump photon energy, 
ℏ𝜔2 (8 𝜇𝑚) 2PA is not energetically allowed because ℏ𝜔2 < 𝐸ℎℎ
2 − 𝐸ℎℎ
1 . In the TE-TM case the probe photon 
energy is limited by the relation ℏ𝜔1 < 𝐸𝑔 + 𝐸ℎℎ
11 resulting in a narrow range of photon energies to obtain 
enhancement of ND-2PA over the bulk. 
V. ENHANCEMENT OF TWO-PHOTON CARRIER GENERATION IN TWO-PHOTON DETECTION 
A possible application of the enhancement of 2PA in the extreme nondegenerate case is IR detection using 
uncooled wide-bandgap photodiodes [10]. For pulsed IR detection, a gate pulse of photon energy slightly less than 
the bandgap energy is used to sensitize the photodiode, during which the IR pulse is detected. This has also been 
demonstrated to work for detection of continuous-wave radiation [11]. Fishman et al, [10] demonstrated gated 
detection of sub−100 𝑝𝐽 mid-infrared radiation using an uncooled GaN detector. For gated IR detection using ND-
2PA, the signal measured at the output of the photodetector is proportional to the photo-generated carrier density 𝑁, 
which is given by 
  
𝑑𝑁
𝑑𝑡
=
𝑑𝑁𝑁𝐷
𝑑𝑡
+
𝑑𝑁𝐷
𝑑𝑡
= 2
𝛼2
𝑁𝐷(𝜔1; 𝜔2)
ℏ𝜔1
𝐼2𝐼1 +
𝛼2
𝐷(𝜔2; 𝜔2)
2ℏ𝜔2
𝐼2
2, (56) 
𝑑𝑁𝑁𝐷 𝑑𝑡⁄  and 𝑑𝑁𝐷 𝑑𝑡⁄  are the carrier generation rates for the ND-2PA of the gate and IR photons and the D-2PA of 
the gate photons respectively. The photo-generated carrier density due to the ND-2PA term can be written as 
  
𝑑𝑁𝑁𝐷
𝑑𝑡
= 2
𝛼2
𝑁𝐷(𝜔1; 𝜔2)
ℏ𝜔1
𝐼2𝐼1 = 2
𝛼2
𝑁𝐷(𝜔2; 𝜔1)
ℏ𝜔2
𝐼1𝐼2. (57) 
We observe that the signal at the output of the detector, or the carrier generation rate, is proportional to 
𝛼2
𝑁𝐷(𝜔1; 𝜔2) ℏ𝜔1⁄ = 𝛼2𝑁𝐷(𝜔2; 𝜔1) ℏ𝜔2⁄ . 
For IR detection purposes it is instructive to compare the carrier generation enhancement of ND-2PA in QW’s 
with ND-2PA in bulk semiconductors. Fig. 12 (a) shows a plot of 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ℏ𝜔1⁄  as a function of the normalized 
photon energies ℏ𝜔1 𝐸𝑔⁄  and ℏ𝜔2 𝐸𝑔⁄  for the bulk, and Fig. 12 (b) shows a plot of 𝛼2
𝑁𝐷|⊥(𝜔1; 𝜔2) ℏ𝜔1⁄  of a QW of 
width 10 𝑛𝑚, as a function of the normalized photon energies ℏ𝜔1 (𝐸𝑔 + 𝐸𝑙ℎ
11)⁄  and ℏ𝜔2 (𝐸𝑔 + 𝐸𝑙ℎ
11)⁄  for the TM-
TM case. The shaded triangular area corresponds to regions where 2PA occurs. The dotted line corresponds to the 
degenerate case and the arrows show the extreme nondegenerate case. These plots enable us to determine the best 
experimental conditions for detection using END photon pairs in bulk and QW semiconductors. 
To compare the carrier generation rate we plot (Fig. 13) the 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ℏ𝜔1⁄  values from Fig. 12 as a function of 
the nondegeneracy (ℏ𝜔1 ℏ𝜔2⁄ ), for the bulk and the QW, where the 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ℏ𝜔1⁄ for the bulk is taken at the 
sum of the two-photon energies  ℏ𝜔1 + ℏ𝜔2 = 1.112𝐸𝑔 and for the TM-TM case in the QW ℏ𝜔1 + ℏ𝜔2 =
1.112(𝐸𝑔 + 𝐸𝑙ℎ
11). 
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Fig. 12. (a) Theoretical predicted carrier generation enhancement for ND-2PA: (a) bulk semiconductors, (b) QW semiconductors of 
width 10 𝑛𝑚 for TM-TM. The arrows point to regions of large enhancement. The color scale is logarithmic. 
 
Fig. 13. Theoretical prediction of 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ℏ𝜔1⁄  for bulk GaAs and a GaAs QW of width 10 𝑛𝑚 in the TM-TM case. 
Fig. 13 shows that the maximum enhancement of the carrier generation rate 𝛼2
𝑁𝐷(𝜔1; 𝜔2) ℏ𝜔1⁄  observed in the 
TM-TM case of the QW is ≈ 12 times that in bulk. In principle, this enhancement can be made larger by moving 
closer to  𝐸𝑔 + 𝐸𝑙ℎ
11, but we run into linear absorption losses. Here we restricted ℏ𝜔1 to 30 meV below the linear 
absorption edge. Urbach tail absorption of the “pump” radiation becomes an important factor as the pump photon 
energy approaches the bandgap. In the photo-detector applications this absorption will cause “effective” dark 
current. Therefore, for practical application the ratio of pump/probe photons energies should remain below ~1:10 to 
avoid absorption of the pump. 
VI. CONCLUSION 
In this paper we used perturbation theory to calculate degenerate two-photon absorption (D-2PA) and 
nondegenerate two-photon absorption (ND-2PA) spectra in semiconductor quantum wells. Analytical expressions 
are obtained for the 2PA spectra for all possible permutations of polarizations. The most significant resonant 
enhancement of ND-2PA is possible for TM-TM polarized light. The results showed an order of magnitude 
enhancement in the ND-2PA coefficient in the TM-TM case of the QW over the bulk case. 
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In ND-2PA for bulk semiconductors the enhancement occurs due to the energies of the individual photons 
involved approaching the interband and intraband resonances. Thus the enhancement is maximized when ℏ𝜔1 nears 
𝐸𝑔 and ℏ𝜔2 approaches zero. However, in this limit the density of states also approaches zero and the intraband 
matrix element, which varies linearly with 𝑘 as described by (19), also approaches zero, and the intermediate state 
resonance enhancement is thus limited. 
In QW’s, for the TM-TM case, the enhancement is due to interband and intersubband resonances. These occur 
when ℏ𝜔1 approaches 𝐸𝑔 + 𝐸𝑙ℎ
11 (interband) and when ℏ𝜔2 approaches 𝐸𝑐
2 − 𝐸𝑐
1 or ℏ𝜔2 goes to 𝐸𝑙ℎ
2 − 𝐸𝑙ℎ
1  
(intersubband). As we approach these resonances both the density of states and the transition matrix elements remain 
finite. In QW’s the larger density of states near the band edge also enhances the ND-2PA over that for the bulk 
semiconductor. 
The calculations presented here are useful for determining the potential of QW’s for nonlinear optical devices. 
The large enhancement in ND-2PA obtained for QW’s should enable many new applications. The strong 
enhancement for the TM-TM polarization can be used for mid-IR detection using END-2PA with QW’s acting as 
the active region in a photodiode. Apart from applications in detection, the enhancement can be used for all-optical 
switching using microring resonators and waveguides with direct-bandgap semiconductor QW layers as the core. 
For microring resonators the resonating light is just below the linear absorption edge and the cavity Q can be easily 
spoiled via END-2PA by using pump pulses in the mid-IR. As two-photon gain is the inverse of 2PA, using inverted 
QW’s may provide two-photon gain and a possible path to a semiconductor two-photon laser [10], [48], [56], [70]–
[73]. 
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